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Abstract
Bialgebras with a left antipode but no right antipode were constructed in the early 1980s in
[J.A. Green et al., Left Hopf algebras, J. Algebra 65 (1980) 399–411; W.D. Nichols, E.J. Taft, The
left antipodes of a left Hopf algebra, in: Contemp. Math., vol. 13, Amer. Math. Soc., 1982, pp. 363–
368]. Recently, in [S. Rodríguez-Romo, E.J. Taft, Some quantum-like Hopf algebras which remain
noncommutative when q = 1, Lett. Math. Phys. 61 (2002) 41–50] we tried to construct such a one-
sided Hopf algebra within the framework of quantum groups, starting with roughly half the defining
relations for quantum GL(2). Asking that the left antipode constructed be an algebra antimorphism
led to some additional relations, but the result was a new (two-sided) Hopf algebra. Now we start
with roughly half the relations for quantum SL(2) but ask that our left antipode constructed reverse
order only on irreducible monomials in the generators. The result is a quantum group with a left
antipode but no right antipode.
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A bialgebra B over a field k is a k-algebra (B,m,µ) with associative multiplication
m :B ⊗ B → B and unit element µ : k → B , and also a k-coalgebra (B,∆, ) with co-
associative comultiplication ∆ :B → B ⊗ B and counit  :B → k such that ∆ and  are
k-algebra morphisms. The k-linear maps Hom(B,B) form a monoid with unit element
µ under the convolution product f ∗ g = m(f ⊗ g)∆; i.e., using the notation (see [8])
∆b =∑b1 ⊗b2 for b in B , (f ∗g)(b) =∑f (b1)g(b2). Familiar examples include group-
algebras kG, where ∆g = g ⊗ g for g in the group G, and universal enveloping algebras
U(L), where ∆x = 1 ⊗ x + x ⊗ 1 for x in the Lie algebra L. Quantum groups provide
further examples. We shall review the construction of certain quantum groups in the next
sections.
A bialgebra H is called a Hopf algebra if the identity map I in Hom(H,H) has an
inverse under convolution; i.e. there is S in Hom(H,H) such that S ∗ I = µ = I ∗ S. The
condition is that
∑
S(h1)h2 = (h)1 =∑h1S(h2) for all h in H . kG and U(L) are Hopf
algebras where S(g) = g−1 for g in G and S(x) = −x for x in L. S is called the antipode
of H and is both an algebra and coalgebra antimorphism.
A bialgebra H is called a left Hopf algebra if there is a map S in Hom(H,H) such that
S ∗I = µ. Such S is called a left antipode of H . Of course, any Hopf algebra is a left Hopf
algebra. In [2], a left Hopf algebra was constructed which is not a Hopf algebra. Such a
left Hopf algebra will have an infinite number of left antipodes (see [3]). The construction
in [2] has a left antipode which is an algebra antimorphism. In [5], it was shown that
in a left Hopf algebra, at most one left antipode can be a bialgebra antimorphism, and
another example of a left Hopf algebra was constructed in which no left antipode is an
algebra antimorphism or a coalgebra antimorphism. In the constructions in [2,5], bases of
irreducible words are obtained, using the Diamond Lemma [1]. In the construction in [5],
the specific left antipode constructed reverses the product on irreducible words, but is not
an algebra antimorphism (nor a coalgebra antimorphism).
Our aim is to construct a left Hopf algebra, which is not a Hopf algebra, in the frame-
work of quantum groups. In [7], we tried to modify the construction of GLq(2), the
quantum version of GL(2), by using only some of the defining relations of GLq(2), but
with the usual action of S on the four generators X11, X12, X21, X22. Requiring S to be an
algebra antimorphism necessitated adding more relations. The result was a new (two-sided)
Hopf algebra with the unusual property that it remained noncommutative when q = 1.
In this paper, we modify the construction of SLq(2), the quantum version of SL(2) by
again using only some of its defining relations. Using a basis of irreducible words, we
let S reverse the order on irreducible words. S is a left antipode which is not an algebra
antimorphism. Thus the result is a quantum-like Hopf algebra which is not a Hopf algebra.
2. Previous attempt to construct a left quantum group
Recall the bialgebra M(2) generated by X11, X12, X21 and X22. It is the commutative al-
gebra k[X11,X12,X21,X22] with coalgebra structure given by ∆Xij =∑2l=1 Xil ⊗Xlj and
(Xij ) = δij . If X is the generic matrix (Xij ), then the determinant d = det(X) is a group-
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GL(2) is a Hopf algebra with S(X) = X−1, i.e. S(X11) = yX22, S(X12) = −yX12,
S(X21) = −yX21, S(X22) = yX11 and S(y) = d .
The bialgebra Mq(2), q = 0 in k, starts with the noncommutative free algebra on
the Xij ; i, j = 1,2 with the same ∆ and  on the Xij , but imposes six relations:
X12X11 = qX11X12, X21X11 = qX11X21, X22X12 = qX12X22, X22X21 = qX21X22,
X21X12 = X12X21 and X22X11 = X11X22 + (q − q−1)X12X21. These six relations can
be replaced by the more-symmetric relations which replace the last two by X22X11 =
X11X22 − q−1X21X12 + qX12X21 and X22X11 = X11X22 − q−1X12X21 + qX21X12.
The two sets of relations are equivalent if q2 = −1. The quantum determinant d =
X11X22 − q−1X21X12 = X22X11 − qX12X21 is group-like and central. Inverting it yields
GLq(2) = Mq(2)[y]/J , J the ideal of Mq(2)[y] generated by dy − 1; GLq(2) is a Hopf
algebra, where the antipode S is given by
S(X) = X−1 = y
(
X22 −qX12
−q−1X21 X11
)
and S(y) = d . See [4] for more details.
In [7] we started with the free noncommutative algebra on the Xij , i, j = 1,2, but
imposed only the three relations X21X11 = qX11X21, X22X12 = qX12X22 and X22X11 =
X11X22 − q−1X21X12 + qX12X21. The resulting bialgebra was denoted BM1q in [7]. The
quantum determinant d = X11X22 − q−1X21X12 = X22X11 − qX12X21 is group-like but
no longer central. We can invert d by introducing a non-central variable y and imposing
the relations dy = 1 and yd = 1. In the resulting bialgebra we let S act on the Xij as in
GLq(2). On the Xij , S appears to be a left but not right antipode. However, requiring S to be
an algebra antimorphism necessitates adding four more relations (see [7, (30)–(33)]). For
example, (30) is X12yX21 = qX11yX22 − q1. The resulting set of relations is compatible
with S being an algebra antimorphism, but the resulting left Hopf algebra turns out to be a
(two-sided) Hopf algebra; i.e. S is also a right antipode.
3. A left quantum group
SL(2) is obtained from M(2) or GL(2) by imposing the relation d = 1. Similarly, SLq(2)
is obtained from Mq(2) or GLq(2) by imposing the relation d = 1 on the quantum deter-
minant d .
Now we start with the noncommutative free algebra F in the Xij , i, j = 1,2, and impose
four relations:
X21X11 = qX11X21, (1)
X22X12 = qX12X22, (2)
X22X11 = qX12X21 + 1, (3)
X21X12 = qX11X22 − q1. (4)
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X21X11 − qX11X21, etc. (the left-hand side minus right-hand side for (1)–(4)) is a coideal;
i.e. ∆J ⊂ J ⊗ F + F ⊗ J and (J ) = 0. This can be checked directly on the four gen-
erators of J . See also [6, Lemma 1.2]. The explanation of (3) and (4) is that the element
X22X11 − qX12X21 = X11X22 − q−1X21X12 is group-like. If g is a group-like element in
a bialgebra, then ∆(g − 1) = g ⊗ (g − 1) + (g − 1) ⊗ 1 and (g − 1) = 0, so that setting
g = 1 is compatible with ∆ and . Thus H = F/J is a bialgebra, H is a homomorphic
image of the BM1q and also of BM1q 〈y〉/(dy − 1, yd − 1). We order words in the Xij lexi-
cographically, with X11 < X12 < X21 < X22. Relations (1)–(4) are written in the form of
reduction formulas; i.e. the left hand sides are reducible words in the Xij which reduce as
linear combinations of words appearing earlier in the order. So an irreducible word is one
which has no subword XijXlm of the form X21X11, X22X12, X22X11 or X21X12.
We now define
S(X) =
(
X22 −qX12
−q−1X21 X11
)
,
a left inverse of X.
If we were to extend S to F by requiring S to be an algebra antimorphism, it would
not be compatible with relations (1)–(4); i.e. S(J ) J . Adding the needed relations would
result in SLq(2). Instead, we will note that the irreducible words in the Xij form a basis of
H and then define S directly on this basis.
Note that the four reducible two-letter words on the left of (1)–(4) are of the form
X2iX1j for i, j = 1,2. It follows that there are no three-letter overlaps XYZ where XY
and YZ are reducible two-letter words. By the Diamond Lemma [1], the irreducible words
in the Xij form a basis of H .
Let w be one of the sixteen two-letter words. Write ∆w =∑w1 ⊗w2 with no reducing;
i.e. directly from ∆Xij =∑2l=1 Xil ⊗Xlj . If any w1 is reducible, it is of the form X2iX1j .
It follows that w is of the form X2lX1m; i.e. w is reducible. In other words, if w is an
irreducible two-letter word, then ∆w = w1 ⊗ w2 (before any reduction) will have all the
w1 irreducible.
Let w be a word of any length  2. If ∆w =∑w1 ⊗ w2 with some w1 reducible; w1
contains a subword of the form X2iX1j . As above, it follows that w has a subword of the
form X2lX1m; i.e. w is reducible. So, if w is irreducible, then ∆w =∑w1 ⊗ w2 with all
w1 irreducible.
Finally, let w = Xi1 . . .XiN be an irreducible word. We define S(w) = S(XiN ) . . .
S(Xi2)S(Xi1). It is now easy to see that S is a left antipode of H . One can check
directly that if Xij is one of the four generators, then
∑2
l=1 S(Xil)Xlj = (Xij )1
in H . Now, let w = Xi1 . . .XiN be an irreducible word of length  2. Then we
have ∆w = ∑X(1)i1 . . .X(1)iN ⊗ X(2)i1 . . .X(2)iN , where the X(1)i1 , . . . ,X(1)iN are irreducible.
Then
∑
S(w1)w2 = ∑S(X(1)iN ) . . . S(X(1)i1 )X(2)i1 . . .X(2)iN =
∑
(Xi1)(Xi2) . . . (XiN )1 =
(w)1. Thus, S is a left antipode of H .
S is not a right antipode of H since the irreducible words form a basis of H . For exam-ple, ∆X11 = X11 ⊗X11 +X12 ⊗X21; X11S(X11)+X12S(X21) = X11X22 − q−1X12X21.
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(X11)1 = 1.
In addition, X21X12 = qX11X22 − q1 is not equal to X12X21. Thus H is not commuta-
tive, even when q = 1.
In analogous fashion, one may construct a right Hopf algebra H ′, starting with the
following relations:
X12X11 = qX11X12, (5)
X22X21 = qX21X22, (6)
X22X11 = qX21X12 + 1, (7)
X12X21 = qX11X22 − q1. (8)
The right antipode S′ of H ′ is defined on the Xij in the same way as S, and then reverses
order on irreducible words. Then S′ is not a left antipode of H ′.
4. The left antipodes of H
We note that S is not an algebra antimorphism of H . For example, S(X21X11) =
S(qX11X21) = qS(X21)S(X11) = q(−q−1X21)X22 = −X21X22. But S(X11)S(X21) =
X22(−q−1X21) = −q−1X22X21. Since X22X21 and X21X22 are irreducible, S(X21X11) =
S(X11)S(X21).
As remarked in the introduction, H has an infinite number of left antipodes.
Proposition 4.1. No left antipode of H is an algebra antimorphism.
Proof. Let T be a left antipode of H which is an algebra antimorphism. Let C be the sub-
coalgebra
∑2
i,j=1 ⊕kXij of H , Ccoop the opposite coalgebra. C is S-stable, and the restric-
tion of S to C is a coalgebra antimorphism. Consider (the restrictions to C of) S and T as
elements of Hom (Ccoop, H ). We show these restrictions to C are equal by considering the
restriction to C of T S. (T S ∗ S)(c) =∑(T Sc2)(Sc1) =∑(T (Sc)1)(Sc)2 = (S(c)1) =
(c)1, while (T ∗ T S)(c) = ∑(T c2)(T Sc1) = T (∑(Sc1)c2) = T ((c)1) = (c)1, since
∆1 = 1 ⊗ 1 implies that T (1) = 1. Hence T S ∗ S = µ = T ∗ T S, so T S is invertible in
Hom(Ccoop, H ) with inverse S = T ; i.e. the restrictions of S and T to C are equal.
Now apply T to the relation X21X11 − qX11X21 = 0 in H . Then 0 = T (X21X11) −
qT (X11X21) = T (X11)T (X21) − qT (X21)T (X11) = S(X11)S(X21) − qS(X21)S(X11) =
X22(−q−1X21) − q(−q−1X21)X22. This says that X22X21 − qX21X22 = 0 in H . Since
X22X21 and X21X22 are irreducible, this is a contradiction. 
The proof of this proposition is an adaptation of the proof of Proposition 3.1 in [5].
We note that S is not a coalgebra antimorphism. For example, the condition tw(S ⊗S)∆ = ∆S fails on (X11)2 (tw the twist mapping). The right-hand side, when applied to
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hand side when applied to (X11)2 yields X222 ⊗ X222 + X21X22 ⊗ X12X22 + q2X21X22 ⊗
X12X22 +X221 ⊗X212. They fail to agree because qX22X21 is not equal to q2X21X22, since
X22X21 and X21X22 are distinct irreducible words.
5. Action on the quantum plane and on the quantum exterior plane
The quantum plane A2/0q is defined by the ring
A
2/0
q = k〈x, y〉/
(
xy − q−1yx)
where k〈x, y〉 means the free associative k-algebra generated by x and y. This is a defor-
mation of the usual plane corresponding to q = 1. We can also define the quantum exterior
plane
A
0/2
q = 〈ξ, η〉/
(
ξη + qηξ, ξ2, η2)
For q = 1, this quantum exterior plane is a Grassmann algebra in two variables.
Proposition 5.1. Let (x, y) (respectively (ξ, η)) be a point of A2/0q (respectively A0/2q ). Let
X11, X12, X21, X22 commute with x, y, ξ , η. Write
(
ξ ′
η′
)
=
(
X11 X21
X12 X22
) (
ξ
η
)
, (9)
(
x′
y′
)
=
(
X11 X12
X21 X22
) (
x
y
)
. (10)
Then
(i) (ξ ′, η′) is a point of A0/2q , and
(ii) (x′, y′) is a point of A2/0q .
Proof. (i) (ξ ′, η′) is a point of A0/2q , since ξ ′η′ = (X11ξ + X21η)(X12ξ + X22η) =
(X21X12 − qX11X22)ηξ . From relation (4) ξ ′η′ = −qηξ . In a similar way, we find
that η′ξ ′ = (X22X11 − qX12X21)ηξ = ηξ . Besides, ξ ′2 = (X11ξ + X21η)2 = X211ξ2 +
X11X21ξη + X21X11ηξ + X221η2 = (−qX11X21 + X21X11)ηξ from (1), this is zero. Sim-
ilarly, η′2 = 0.
(ii) (x′, y′) is a point of A2/0q , since x′y′ = (X11x+X12y)(X21x+X22y) = X11X21x2+
(X12X21 + q−1X11X22)yx + X12X22y2. On the other hand y′x′ = qX11X21x2 +
(q−1X21X12 + X22X11)yx + qX12X22y2. From relations (3) and (4), it follows that
x′y′ = q−1y′x′. 
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as a left H coop-module algebra, where H coop is H with the opposite comultiplication.
As for the right Hopf algebra H ′ mentioned at the end of Section 3, the generic matrix
X for H ′ acts on the quantum exterior plane, while its transpose XT acts on the quantum
plane.
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